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Abstract 
The steady state heat balance equation in Frank-Kamenetskii model is one of the basic models of spontaneous combustion. For a non-
uniform temperature exothermic reaction system met the Arrhenius law, the reaction heat term of the heat balance equation can be 
described by a simple nonlinear term. The simplified spontaneous theoretical model equation is a typical bifurcation problem. The 
governing equation of bifurcation points is generally Nonlinear Ill-posed Equation. To solve this kind of equation, usually we divide it 
into three steps to complete: regularization, difference and iterative. Homotopy-Newton hybrid method is a typical direct method to solve 
it. However, this direct method for a specific problem, deterministic and convergence of solutions are not guaranteed. In this paper, a kind 
of effective indirect method is introduced. This shooting method by control parameter can effectively improve the convergence. 
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Nomenclature 
R the gas constant 
T temperature of (K) 
Cv  specific heat capacity of (J/kggK) 
Q heat source of (W/m3) 
Greek symbols 
λ thermal conductivity of (W/mgK) 
ρ density of reactants of (kg/m3) 
δ Frank-Kamenetskii parameter 
θ dimensionless temperature 
δcr critical Frank-Kamenetskii parameter 
θcr critical dimensionless temperature 
1. Introduction 
Fuel combustion system is a nonlinear dynamic system, fuel ignition, fire and put out there is a state of bifurcation 
phenomenon [1]. 
Numerical bifurcation theory can be considered as the exothermic interaction of chemical exothermic kinetics, transport 
and the interaction of the fire, and put out theoretical analysis of critical phenomena such as ignition and flameout [2]. Fuel 
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combustion system can be described by the Frank-Kamenetskii theoretical model in which the system temperature changes 
with the changes of space and time [3]. The critical state of spontaneous combustion problem is a bifurcation problem [4]. 
Bifurcation problem of numerical solution is a typical topology problem. Simplified heat balance equation is a bifurcation 
problem, at the same time also can be thought of as a nonlinear ill-posed equation. First of all, the physical model of 
research problem is given. 
1.1. Derive the heat balance equation 
By the first law of thermodynamics, we can get the energy equation of the system, which is the heat balance equation of 
Frank-Kamenetskii model,  
 ߣߘଶܶ ൅ ݍᇱ ൌ ߩܥ௩
డ்
డ௧ (1)
Where, T is the temperature, t is the time, ߣ is the thermal diffusivity, ݍᇱ is the reactive substances heat inside the system in 
unit time per unit volume, and ܥ௩ is the constant volume specific heat of the reactants. 
1.2. Nondimensionalization 
Heat balance equation dimensionless, use the following dimensionless quantity: 
x Dimensionless temperature,ߠ ൌ ܶെܶܽ
ܴܶܽʹȀܧ
 
x Dimensionless activation energy,ߝ ൌ ோ்ೌா  
x Dimensionless time,ܶ ൌ ௧௧ೌ೏ 
x Dimensionless coordinate,ߟ ൌ ௥௔బ 
Where, ܽ଴ is the feature sizes of reactants, and the adiabatic combustion delay time is ݐ௔ௗ ൌ
஼ೡఘோ்ೌమ
௱ுா௖బ೙஺௘షಶȀೃ೅ೌ
. 
So, we can get 
 ߘଶߠ ൅ ߜ݂ሺߠሻ ൌ ߜ డఏడఛ (2)
Where,݂ሺߠሻ ൌ ݁ݔ݌ሺ ఏଵାఌఏሻ, and the Frank-Kamenetskii parameter ߜ can be represented as  
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1.3. Approximation and boundary conditions 
Consider an infinite long pole with rectangular bottom as reaction system. it is a non-exothermic temperature reaction 
system. Its heat balance equation contains nonlinear Arrhenius term. When a reaction system meets Arrhenius law [5], 
Relationship between the reaction rate constant and temperature can be represented as, 
 ݇ ൌ ܣ݁ି
ಶ
ೃ೅ (4)
So we can simplify the nonlinear term in Eq. (2) to obtain a relatively simple linear term,  
 ݂ሺߠሻ ൌ ݁ఏ (5)
Considering the critical state spontaneous combustion, the system is in steady state, the right hand term of Eq. (2) is zero. 
To sum up, the physical model of the problem can be expressed as the following form, 
 
డమఏ
డ௫మ ൅
డమఏ
డ௬మ ൅ ߜ݁
ఏ ൌ Ͳ (6.1)
With boundary conditions as follows, 
 
డఏ
డ௫ቚ௫ୀ଴ ൌ Ͳǡ
డఏ
డ௬ቚ௬ୀ଴
ൌ Ͳǡ ߠȁ௫ୀଵ ൌ Ͳǡ ߠȁ௬ୀு ൌ Ͳ (6.2)
This is a typical bifurcation problem, is also a nonlinear ill-posed problem. 
2. Classic Homotopy Continuation Method 
Homotopy algorithm is the application of topology in the field of algebra [6]. It is a kind of nonlinear equations used to 
obtain a wide range of convergence of the algorithm. Its fundamental idea is added an equation, and the nonlinear 
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differential equation is converted into linear equations [7]. Levenberg-Marquart algorithm [8], Tikhonov algorithm [9], 
Gauss-Newton method [10] are all common regularization method. Its basic idea is depicted in Figure 1. 

Figure 1. Idea of Direct Method 
 
For the solving of the critical state parameter ߜ௖௥ and ߠ௖௥ , as early as 1979, Seydel proposed a simple substitution method 
based on the homotopy continuation [11]. He added an implicit Eq. (7) on the basis of N equations. It is actually an extreme 
value condition because extreme value of ߜ and ߠ achieved in critical state. 
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To solve the nonlinear equations, we usually use the Euler-Newton Update method. We can get the solution of these 
equations by difference and iteration. 
Directly solving equations by adding an equation was called direct method. However, there are limitations in the 
convergence scope. In other words, we can’t get solution by this method always with the ߠ changing. 
3. Shooting Approach Method 
According to process in the direct method, regularization by adding implicit equation is the key step of the solving 
process. And the implicit equation is actually the extreme conditions. 
The indirect method considering a control parameter, the selection of different parameters is likely to avoid the 
disadvantages of the direct method. It can effectively improve the reliability of this method. The indirect method of flow 
chart is shown in Figure 2. 

Figure 2. Shooting Approach Method 
We make the second-order difference quotients to the governing equation, and we can get N algebraic equation as Eq. (8), 
 ൞
ଵ݂ሺߜǡ ߠଵǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
ଶ݂ሺߜǡ ߠଵǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
ڭ
ே݂ሺߜǡ ߠଵǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
 (8)
Eq. (8) has N equations and N+1 unknown quantities. Choose an arbitrary “Control Parameter" and initialize it, (For 
exampleߠͳ ൌ ܽ), then we can get, 
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 ൞
ଵ݂ሺߜǡ ܽǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
ଶ݂ሺߜǡ ܽǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
ڭ
ே݂ሺߜǡ ܽǡ ߠଶǡڮ ǡ ߠேሻ ൌ Ͳ
 (9)
Eq. (8) has N equations and N unknown quantities, and we can get the solution by numerical iteration. 
4. Conclusion display and summary 
Through the study of the Fortran programming calculation of two methods, we get the critical state solution under 
different length-width ratio H. They were painted in Figure 3. We can see that both two methods are useful and reliable in 
the scope of solvable domain. 
Figure 3. Comparison between the numerical solutions of two methods 
Above all, by controlling the parameters and treat the extremism conditions as the criterion in the process of iteration, we 
can make the bifurcation problem into a general nonlinear equation to solve. This is likely to evolve into a kind of numerical 
method for solving bifurcation problems. 
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